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1. INTRODUCTION 
If {zk) is a sequence of complex numbers in the unit disc U satisfying 
CF=, (1 - lzkl ) < co, then the Blaschke product 
B(z)=B(z, {zk})= fj !T+! zk-z 
k=l zk 1 -2,z 
converges uniformly on compact subsets of U and has {zk} as its zero set. 
See [S]. 
A Blaschke product B(z, {zk}) is called an interpolating Blaschke 
product (i.B.p.) if 
inf ii 
I I 
‘J-‘k 
k j=, 1 -,fjZk 
> 0. 
jfk 
Let f(z) =Ckm,O akzk be holomorphic in U and tl >O. Following Flett 
[ 61 we define the fractional derivative off of order CI by 
(D”f)(z) = f (k + l)*akzk. 
k=O 
If p, q, c1> 0, a functionfholomorphic in U is said to belong to the space 
HI,, if 
where 
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For p, q, CI > 0 the Besov space BiY is the space of functions I’ 
holomorphic in U such that 
llfIIB;y= ll~““fll,.,,1 < x!. 
In [ll, Theorems 4 and 51, J. Verbitski announced that if B is a 
Blaschke product with zeroes {zk} and if 1 <p < l/x then the condition 
(1.1) 
is sufficient for BE Bj&, If B is an i.B.p. then ( 1.1) is necessary. 
The purpose of this note is to present an equivalent condition sufficient 
for BEB&, 1 dp< I/U, and also in the case O<p< 1, l/(1 +a)<~< l/x 
It turns out to be also necessary if B is an i.B.p. More precisely, we prove 
the following theorem. 
THEOREM. Let B he a Blaschke product with zeros (zlk) enumerated so 
that,for all k, 1 -2-j< Iz,~I < 1 -2-(J+‘),j=O, I, 2, . . . . Zf l/(a+ l)<p< 
l/r and 
c (1 (1 - lz,~l)~-~+? lx. 
I k 
(1.2) 
then B E B;Y. Zf B is an i.B.p. then the condition (1.2) is necessary 
We note that there is no theorem for p d l/(a + l), i.e., in this case (1.2) 
need not imply that BE B;q. In [ 1, Proof of Lemma 2, p. 1121, there is 
constructed a Blaschke product B(z, {z~}) such that C,“=, (1 - Izk/)“’ < ;c. 
but B4%,1/2. Details are given in [ 31. 
As a final remark, we point out that if p 2 l/cr and B is Blaschke product 
then BE B& if and only if B is a finite Blaschke product (see [2, 
Theorem 3.21). 
2. SUFFICIENCY 
We will give a detailed proof only in the case 0 < c( < 1. The proof in the 
case 1 < CI < 2 is rather sketchy. The general case is technically rather com- 
plicated but requires no new ideas. 
We begin with two computational results which are well known. 
LEMMA 2.1 [S]. Zf a> 1, then 
5 
2n dt 
=O((l -r)l ‘), r+ 1. 
0 I1 - re”l’ 
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LEMMA 2.2. For 0 <s < t we have 
I 1 (1 -x)--l dx 0 (1-m)’ < C(l -r)‘+‘, Odr<l. 
We use C to denote a positive constant, depending on the particular 
parameters S, t, . . . . p, q, . . . . concerned in the particular problem in which it 
appears. It is not necessarily the same on any two occurrences. 
We will use the following often: 
as long as CI and a + /I - y are greater than 0 [6], 
ji (1 -r)Yz-lMp(T,Dlf)qdr~i~ (1 -r)qa-lMp(r,f’n’)qdr, (2.2) 
if IE is a positive integer [lo]. 
Here A A B means that (l/C),4 < B < CA for some universal constant C. 
We will need the following result about Blaschke products. 
LEMMA 2.3 [lo, 21. Let f be a Blaschke product with zeroes {ak}. Then 
?I+1 
If( G cc JJ fi”l(zh 
J=2 
where the sum is over the (finite) set of all n-tuples (a,, . . . . CI,, I) of non- 
negative integers such that CJ’= 1 jot, + 1 = n and 
Proof of Sufficiency. Let rj = 1 -2-j, j= 0, 1,2, . . . . The quantity 
1 - lzj,J will be denoted by djk. Recall that {zjk} is a zero set of a Blaschke 
product B such that for all k 
2-j>djk>2-(J+‘) j=o,1,2 ).... 
First we consider the case O< tl< 1, l/(cc + l)<p< 1, with subcases 
PG49 4<P. 
From (2.1) and (2.2) we conclude that 
IIBII;;,AJ’,I (1-r) q(’ - ‘)F ’ MJr, B’)q dr. (2.3) 
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Let p 6q. Using (2.3), Lemma 2.3 (n = 1). and Lemma 2.1 (note that 
p > l/2) we find that 
So it will be proved that BE B;q if we show that the last sum in (2.4) is 
at most C E, (Ck d,!k-mlp)y@. Since p + clp - I > 0, this follows from the next 
lemma. 
LEMMA 2.4. If a, b > 0 and s 2 1 then there i.v a constant C > 0 such that 
2J9”‘h 
c d,,,- ZP)‘) ’ ‘t, 
(2’+ 27u+h k 
<C($-d;~‘“)‘!“. (2.5) 
Proqf Some simple observations show that the sum on the left-hand 
side of (2.5) is at most 
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Since s k 1 by using the continuous form of he Minkowski’s inequality 
we get 
and 
This proves Lemma 2.4. 
Resuming the proof of sufficiency, assume now 0 < q<p. Using (2.3), 
Lemma 2.1, and Lemma 2.3 we find that 
Since 1 +cc- l/p>O, by Lemma 2.2 the last integral is 
O((1 -rj+1)~(9faq-qqlp)). Thus, 
4/P 
IIBlljpq<CC (1 -rj+,)(y’p)Pq-aq 
J 
The case 0 < CI < 1, 1 <p < l/a. 
BLASCHKE PRODUCTS IN BESOV SPACES 91 
Since B is bounded, 1 B’(rej’)l 6 C( 1 - r) ‘. Hence applying Lemma 2.3 
(n = 1) and Lemma 2.1 we obtain 
(2.6) 
Note that here we needed l/p - LI > 0, i.e., p < i/a. 
If q dp, using (2.6) and Lemma 2.2 we get 
Y,P 
dC~(1-ri+,)F”4 
/ 
i > 
4!P 
Xc Cd,!k-zP 
/ k 
If p < q, from (2.6) we obtain 
By Lemma2.4, with a=ap, b=l-xpxp0, c=q/p>l, we have BEB;,. 
3. THE CASE 1 da<2 
By (2.1) and (2.2) 
l/Bll&A s 
’ (1 - r)4’2--r)-m ‘M,(r, B”)Y dr. 
0 
(3.1 1 
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Applying Lemma 2.3 (with n = 2) on (3.1) we find that 
llB1l~;q<C s,’ (1 -Y)~(*-~)-~ (j:” (1 
[ 
!jk il 2)2pdt)q’pdr 
jk I1 -‘jkre I 
+I: (1 -y)4(2--a)-1 
The lirst integral on the right hand side of (3.2) will be denoted by I1 the 
second by I,. Now we proceed as in the case 0 < CI < 1. 
If l/(cr + 1) <p d l/2 we have 
Z,<C ‘(1-r)q(2-z)-1 
s 0 
4/P 
dr 
and 
I,,<C s ’ (1-r)q(2-aa)-1 C dyk 0 jk (1 - lzikl r)jppl > YIP dr’ 
If q $p we proceed as in Section 2 to get I, < cc and Z2 < co. If p < q then 
we have 
and 
Thus, I, < co and I2 < cc by Lemma 2.4. 
Finally, assume l/2 <p < l/cc. Since IB”(z)l = O((1 - 1~1)~*), we have 
ll~ll~~< C 
s 
d (1 -y)q(l’P-x)-l 
> 
“‘dr 
<C [J ’ (1 -r) 0 q(lip--cr)-l (r 1 -“;:,, r)q’p dr 
+ 
s 
d (1 -r)q(“p--or)pl (C, d ?‘* 
YIP 
(1 - IzJll r)l/* > 1 dr ’ 
by Lemma 2.4 and Lemma 2.1. Similarly, as in the previous cases we 
conclude that B E BEq. 
BLASCHKE PRODUCTS IN BESOV SPACES 93 
4. NECESSITY 
To prove necessity we need the following special case of our main result 
in [9]. 
LEMMA 4.1. Let 1 <p’ < ~8, 1 < q’ < iz, and p be some positive finite 
Bore1 measure on U. There is a constant C such that 
if and onl?* {I 
where p + p’ = pp’, q + q’ = qq’, and 
Q,+ 
2kn 
u:r,S/zI <r,+,,2’<argz< 
j=O, 1, 2, . . . . k=O, 1, . . . . 2’- 1. 
We will also need the following two results. 
LEMMA 4.2 [4]. [f p, q > 1, 0 <x < 1, then 
(HP’.q’.I)*={g:g’EHP.4.1 ‘;, 
,j,here l/‘p + l/p’ = 1, l/q + l/q’ = 1. Here ( Hp’.q’.z)* means that ,fbr ever!, 
continuous linear functional L on H p’.y’,z there is a unique g(z) = C:=,, akzh 
,t*ith ,fj:rst derivative in Hp.Y.’ ~’ such that !f.f(z) = CFzO h,zk then 
L(f) = lim C a,h,+, 
r-’ k=O 
and converse/J: iff and g are given as above then lim, _ , ~~=o akhk rk exists 
and defines a bounded linear functional on Hp’,y.r. 
LEMMA 4.3 [7]. Let B(z, {zk}) h e an i.B.p. Let p =Ck (1 - 1zkl)6,,. If 
1 < p’ < x, 1 < q’ < xl, then there is a constant C > 0 such that 
i‘ If(=)1 &(z) d cllf IIp~.y~.z, .for all ,f’~ Hp’.q .’ I’ 
if and only if BE (Hp’,q’.‘)*. 
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It is obvious that the sum in (1.2) is unchanged if p, q, a are replaced by 
it, qt, cr/t, t > 0. This observation and the next lemma show that we may 
suppose that p> 1, q> 1, O<a< 1. 
LEMMA 4.4. Let f be any bounded holomorphic function in U. 
Zf f E B;4, then f E BE&, for any t 2 1. 
ProoJ Since I(D’+““f(z)l 6 C(l - JzI)-‘-~/*, we have 
Ilfll%q,<C s d (l-r)y(cr”+l~ax)-‘IMp(r,D1+a’tf)ydr, 
The last integral is finite by (2.1). 
Proof of Necessity. Assume p > 1, q > 1, 0 < a < 1. By (2.1), BE B;4 if 
and only if B’ E H JW- a. Combining Lemma 4.2 and Lemma 4.3 we get 
s If( 44z) 6 C Ilf IIp~,y~,a, for all f E HP’xq’+, u 
where cl=1 (1 - IZjkl)6,. Using this and Lemma 4.1 we find that 
jk 
Since B is an i.B.p., there is a positive integer N so that each of Qjk contains 
at most N points of the sequence (zjk}. Thus, 
This linishes the proof. 
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